A recently published relativistic model pseudopotential has been generalised to derive (i) a reliable magnetic model pseudopotential and (ii) an effective Hamiltonian for calculating the electronic properties of a simple metal in a weak applied magnetic field. This effective Hamiltonian has been applied to obtain an expression, which includes both the magnetic and the spin-orbit interactions, that can be used to calculate the conduction-electron magnetic susceptibilities of solid alkali metals and liquid simple metals. The applications indicate that as the temperature increases the s component of the conduction-electron wavefunction in a metal such as P b increases, so that the effect of the spin-orbit interaction, and thereby its contribution to the electronic magnetic susceptibility, decreases very strongly.
Introduction
A magnetic pseudopotential, taking into account both the spin-orbit and the magnetic interactions, has been derived from first principles by Das and Misra (1971) for use in the relativistic calculations involved in the study of the conduction-electron magnetic properties of metals. This magnetic pseudopotential requires the determination of the core functions and the true valence-electron potentials, where the relativistic effects and the other correlation effects are taken into account. Such a determination is by no means trivial, especially for those metals for which the relativistic effects on the core states are very large. Thus, actual calculations using such first-principles pseudopotentials are both complicated and of limited accuracy.
Hence, in this work, we first generalise the theory of the relativistic model pseudopotential (see So et al 1978, hereafter referred to as I) to obtain a reliable magnetic model pseudopotential. The theory of the model is simplified further to produce a practical effective model Hamiltonian, which contains all of the first-order spin-orbit corrections to the magnetic-field terms, for use in the relativistic calculations of metallic properties, where the magnetic-field effects are accounted for. This effective Hamiltonian is then used to derive an expression, which is more general than that derived recently by Lai et nl (1978, hereafter referred to as 11) , for the electronic magnetic susceptibilities of the solid alkali metals and liquid simple metals. Finally, we calculate the contribution from the spin-orbit interaction to the electronic magnetic susceptibility of liquid Cs and Pb metals to determine the spin-orbit effect on x; this has not been considered in previous publications concerning liquid metals (Timbie and White 1970 and 11) .
An effective pseudohamiltonian
In this section we first extend the procedure given by Austin et a1 (1962) by including a magnetic field in the expression for the microscopic form of the pseudopotential in an atom. Since such a pseudopotential is a function of the relativistic core states in the presence of a magnetic field, it is not very practical and hence is first replaced by a model pseudopotential in which the form is carefully preserved. Then this atomic model is applied to the metallic problem and a further reduction is made, taking advantage of the features of the conduction-electron g-factor, which allows us to obtain a practical effective Hamiltonian.
Atomic magnetic model pseudopotentials
We start with the eigenequation
where V, is given below and H, is the Hamiltonian for the atomic electron in a magnetic field B = B Z (Schiff 1968 , Moore 1975 Here, m and p are respectively the free-electron mass and the linear momentum of the electron under consideration, , D is the Bohr magneton, 6, is the z component of the Pauli spin operator a, go is the g-factor for a free electron and equals 2.0023, A is a vector potential and the other symbols introduced in equations (2.3)-(2.5) have their usual meanings. Further, VR in equation (2.1) is given by where the t j C are the eigenfunctions of Ha for the atomic core states. Substituting I$), expanded as (where the 11)~) are the eigenfunctions of H , for the atomic valence states) into equation (2.1) and then following the procedure used in the work of Austin et al (1962) In principle, once V(r) and the are determined, the magnetic pseudopotential (one such as VPs(r) + Vg;(r) + Vgi(r) in equation (2.9)) can be applied to the problems of interest. Practically, however, the determination of V(r) and the I$c) from first principles is by no means trivial, especially for heavy elements such as Cs and Pb. This is because the relativistic effects and the other correlation effects are too complex to be included with good accuracy. In order to obtain a simpler approach for the calculation of the atomic pseudopotentials involved in the calculation for the solid, we introduce a magnetic model pseudopotential, V" + VFo + I/&, and follow the procedure used in I to obtain from equation (2.9) the model wave equation (2.14)
that is
Here the magnetic pseudopotential must be chosen such that E , calculated from equation (2.14) is the same as that obtained from equation (2.9). In view of this and of the form of the magnetic pseudopotential, as indicated by equations (2.10)-(2.12), we choose CHO + Vm(r) + VSmo(r) + VSm(r)l 14) = E , 14). It is worth noting at this point that, as demonstrated in 11, for a weak applied magnetic field the effect of the applied magnetic field on the is negligible. Accordingly, for a weak applied magnetic field, as is usually considered, &(r) and qr(r) can be taken to be the same as those determined by use of the relativistic model pseudopotential that does not include any effects from an applied magnetic field, which was proposed in I. In this event, q;(r) in equation (2.17) is the same as q I ( r ) in equation (2.16), as in equations (2.11) and (2.12).
Effectice pseudohamiltonianfor a conduction electron in U weak applied mugneticjield
For the conduction electrons in a metal, we can follow the standard procedure of summing the model pseudopotential in equation (2.14) over all ions in the metal under consideration and adding the electronic potential, K(r), due to the other conduction electrons to obtain the total one-particle potential for a conduction electron. This leads to the magnetic model pseudopotential, i.e.,
where the Ri give the positions of the ions. It is appropriate to note that, within linear-response theory, as pointed out in I, the spin-orbit-type interactions do not affect V,(r) despite the fact that the conduction states are altered by these interactions. Now the total magnetic model pseudohamiltonian for the conduction electron is In order to investigate the problem of the metal, we now proceed to obtain a simpler effective Hamiltonian by considering the eigenenergies of H". To do this, using the methods given in 11, we introduce the complete orthonormal set ink,k,), which is the set of the spatial parts of the eigenfunctions of Ho and we rewrite H" in the form The remaining terms in equation (2.26), for a weak applied magnetic field. are less important than the first three terms and will be omitted hereafter.
As in appendix 1 of 11, the matrix elements of the interaction HI (one of the interactions involved) can be written in the form
for c' * c and (2.31) where the prime on the summation over q y means the exclusion of q y = 0 in that summation. According to 11, the last term in equation (2. Taking h' as a perturbation on Hr,,, which has eigenfunctions Ink,kz) lm,) (in common with Ho,,), and using second-order perturbation theory, we obtain the eigenenergy of HZf to be
where the prime on the summation over c' means the exclusion of c' = ti in that summation, E , is exactly equal to that given by equation (2.24) and AE, is the last term in equation (2.37). The energy denominators in the last two terms in equation (2.42) can be rewritten as 
Magnetic susceptibilities of the conduction electrons where the effect of the spin-orbit interactions is taken into account
In previous calculations of the conduction-electron magnetic susceptibility, x, for the solid alkali metals and liquid simple metals (Timbie and White 1970 and 11) the spin-orbit-type interactions have been omitted. This may be inappropriate for the heavy liquid metals for which the atomic relativistic effects are large. Having formulated the magnetic problem in the preceding section to include all spin-orbit corrections reasonably and simply, through HZf, we are in a position to determine the actual effect of these corrections on x as an example of the use of HSf. where Hsf can be set equal to equation (2.39) and 7 = l/(kB7').
In reality, Z(s) given by equation (3.3) can be expanded in a Taylor series about a value of s equal to the chemical potential q (Ziman 1972) . Substituting this series into equation ( Here, Q1 is exactly the same as the thermodynamic potential used in I1 because, in 11, ( -dfo,/as) in equation (3.2) was set equal to S(q -s).
The purtition function
We will now determine Z(7; U) from equation 
Zo(y; U) can be calculated readily following the procedure used in the calculation of zo(;l) in 11, giving Zo(y; q ) = 2aVpBy[cosh (-$gpB;l) It is interesting to note that Zo(y; U) given by equation (3.10) reduces to the corresponding equation in I1 when g was set equal to 2 (as has been done previously in the literature, see Timbie and White 1970 and 11) . We are now in a position to illustrate quantitatively the effect on x of the relativistic corrections, through V&,, to g. Noting that the experimentally observed value for g in metals does not differ very significantly from two (-6% for Cs metals, see Schultz and Shanabarger 1966, Walsh et al 1966) and that g appears only in a factor, such as cosh(igpB7) in equation (3.10), which is insensitive to the changes in the value of g discussed above, we confirm the use of g = 2 in the calculations of that did not use V,,s, in the literature. Although we see from the expression for Hzf that the above corrections to 1 are negligible in general, we must retain g as given by equation (2.38) in the expression for HZ,, for the calculation of other properties. For the sake of simplicity, we set g = 2 in the following. We next proceed to consider Z2(jl;q) given by equation (3.9). In the form of Z 2 ( y ) given by equation ( ~~~' d~e x p ( -y~E ( i l . , k : ) ( l
This can be simplified, using equations (2.30) and (2.31) and following the procedure used in 11. to (3.12) Z2(7, t l ) = z\I'(;J; !I) + Z \ y ! ; q ) (3.13)
(3.14)
Here, a2 = eB/ch. E ( X ) stands for h2Xi(2m), 2; is given by
and wq(kF, T,l) = A'(/+ + q , 7 1 V&o(r) lkF, 1) (the spin-orbit form factor). We note that Z$"(y; q ) given by equation (3.13) is exactly the same as the expression for Z 2 ( 7 ) in I1 where AZ2 was set equal to zero. In this work, as in 11, we limit ourselves to second-order perturbation theory and omit the terms higher than Zz(y; q ) in equation (3.8). Accordingly, Z ( y ; g) can be written
where Zo(y;q), Zil)(y;q) and Z$''(y; q ) are, respectively, given by equations (3.10), (3.13) and (3.14). However, for a weak applied magnetic field, as considered in this section, equation (3.16) can be expanded to low order in B. When this expansion and the transformation of the integral variable from u to x = (2u -1) have been carried out, we obtain Z(Y ; q ) = Zo(y; 7 ) + Zll'(r ; q ) + Zi21(7; q ) Zo(7; rl) + zY'(?;
It is worth noting that Zo(y;q) + Z&'](y;q), as given by equation (3.17), is the same as the expression for the partition function used in 11, i.e. equation (2.24) of 11, where AZ had been assumed to be equal to zero (AZ in I1 was determined to be insignificant and omitted in the final numerical calculation of the electronic magnetic susceptibility). Thus, Z&')tj; q ) given by equation (3.18) is the spin-orbit contribution to the partition function.
The thermodynamic potentials
Having obtained the partition function, we can calculate the thermodynamic potential O1 given by equation (3.6), and a correction to Ql, i.e. Q2 given by equation (3.7).
Substituting equation (3.16) with Zo(y;q) + Zi1)(y; q) as given by equation (3.17) together with Z$')(y;q) as given by equation (3.18) into equation (3.6) and then inverting the partial partition functions term by term as in 11, and performing some lengthy but straightforward algebra (details available on request), we have 
As will be seen in the following, O2 is less important than Ql, even for very high values of T, such as those above the melting points of the metals, in the calculation of z. Hence, the terms higher than (D2 in (D can be omitted, leading to for the following calculation of x. Now, we come to the determination of the chemical potential q, appearing in the above thermodynamic potential. Theoretically, q can be calculated using the relation S Wung, S K Lai, C B So and R A Moore (?a ?q)lr.v = -n, where n is the number density of the conduction electrons, as given in 11. In this way, for 0 given by equation (3.22), q is calculated to be
where F is u.-,(kF + q ) w q ( k F ) + ~-~( k~ + q,l,T)w,(k,, T,l), tio is the Fermi energy within the free-electron theory, and bo equals 4q0/E(q2). It is worth noting at this point that equation (3.23) reduces to q as given by equation (2.35) in 11, if both the spin-orbit interaction and T are set equal to zero.
Electronic magnetic susceptibilities
Collecting the results given above and substituting them into equation (3.1) allows us to write
where xo is the total electronic magnetic susceptibility without the spin-orbit contribution, which can be written in terms of A and hEC (defined in 11) as (3.25) in which lf p2n/qo is the Landau-Pauli free-electron susceptibility. A and hEC characterise deviations from the free-electron susceptibility due to the electronic spatial potential and the electron exchange and correlation in the metal under consideration, respectively (see I1 for details). In equation (3.24), xso is the contribution from the spin-orbit interaction to the electronic magnetic susceptibility and is given by
In equation (3.24) . lT arises from O2 and is of the form It is appropriate to note at this point that in equation (3.27) the factor -~~( n k~)~/ ( 1 2 q ; ) is very small for metals and the sum of the terms in the shadow brackets is probably not very significantly different from unity, as shown in 11.
Accordingly, xT may be omitted unless T is much higher than the melting point.
Consequently, the temperature characteristic of x would depend primarily upon the structure factor S(q) involved. Further, we remark that all the expressions derived above for the electronic magnetic susceptibilities can be applied with high accuracy to those metals which have Fermi surfaces distant from their zone faces, because the present calculation amounts essentially to a non-degenerate perturbation calculation (see a discussion following equation (2.34) in 11).
The effect of spin-orbit interactions on magnetic susceptibilities
Equation (3.25) has already been applied in I1 to calculate xo for (i) the solid alkali metals and (ii) most of the liquid simple metals. The results obtained are generally in reasonably good agreement with the experimental results. In this section we apply equation (3.26) to determine numerically the effect of spin-orbit interactions on the susceptibility of simple metals at a temperature T, slightly higher than TM, where T, is the melting point of the metal under consideration. To do this, we replace the summation over q in equation (3.26) by the integral with respect to q and change the integration variable q to p = q i k , to obtain
where a(pk,) is the liquid interference function, derived from lS(q)12 for liquid, and Z is the valence of an ion in the metal under consideration. The expression for xso thus obtained has been applied to calculate the spin-orbit contribution to the electronic magnetic susceptibility for Cs and Pb metals at T > TM, using (i) the same on-Fermi-level spin-orbit form factors and input data as in the calculation of pso (the spin-orbit contribution to the electrical resistivity) in I, (ii) the a(q) of the hard-sphere model with the packing parameter set equal to 0.45 (Ashcroft and Lekner 1966) and (iii) a method similar to that used in I1 for treating the singularities in equation (3.28). The results obtained are summarised in table 1 together with xf and the ratio between xso and xcsp = x f A from 11. We still have to discuss the possible error arising from the use of (i) the on-Fermilevel approximation for the spin-orbit form factors and (ii) a(q) from the hard-sphere model. As in the calculation of the contribution from the electronic spatial potential to in 11, we have used the on-Fermi-level approximation in the consideration of the angle between the wave vectors in the spin-orbit form factors. This approximation has been found to be justified for those metals whose Fermi surfaces are nearly spherical (Heine and Weaire 1970) . Hence the use of the on-Fermi-level spin-orbit form factors would not cause any serious error in the calculation of xso, because the spherical nature of the Fermi surfaces of the liquid metals remains unchanged in the presence of an applied magnetic field. Also the use of a(q) here would not cause any serious error in the calculation of the electronic magnetic susceptibilities for liquid metals. This can be seen from the comparison of the results calculated using the highly accurate experimental a(q) and the a(q) obtained from the hard-sphere model in 11. In addition, it is worth noting that, for Cs, the result for x~~/ x~~~ being much less than unity (table l), is consistent with the value of pso/pesp (table l), i.e., the ratio between the very accurately calculated pso and pesp, where pesp is the contribution from the electronic spatial potential to the electrical resistivity. Also, it is worth noting that the spin-orbit contribution to x is much larger for Pb metal than for Cs metal, as expected from the theoretical results of pso for these metals (table 1) . Accordingly, the presently calculated xso may not contain any significant error.
Although we do not calculate xso for T < T,,, because equation (3.26) is not applicable in this region for solid Pb metal for a reason given below equation (3.27), we can use the xso calculated for T > TM together with published theoretical results of xso for T < T M (in the same units as in table 1, xs0 2 -0.24 for Pb from Das and Misra (1972) , xso equals -0.183 for Cd and -0.103 for Zn from Das and Misra (1977) ; see Misra and Kleinman (1972) for the signs of xso) to analyse its behaviour.
We conclude that the spin-orbit contribution to x for simple metals at T > TM is much smaller in magnitude than that for the same metals at T << T,,. This essentially means that the magnitude of the spin-orbit contribution to x for a metal such as Pb decreases very strongly with increasing T, as compared with the decrease of xrsp from a very low T to T > T,; this is shown in 11. This implies that as T increases, the s component of the conduction-electron wavefunction, for which the spin-orbit interaction vanishes, also increases so that the spin-orbit interaction of a conduction electron decreases strongly.
Conclusions
In this paper we have generalised the relativistic model pseudopotential theory given in I to derive (i) a reliable magnetic model pseudopotential and (ii) a practical effective Hamiltonian for the relativistic calculation of those electronic properties that arise from conduction electrons in a metal in a weak applied magnetic field. Then this effective Hamiltonian was used to derive an expression for the electronic magnetic susceptibilities of the solid alkali metals and liquid simple metals. We demonstrated quantitatively that the relativistic corrections, through Vc.sA, to the electronic g-factor are unimportant in the evaluation of 1. Further, we have conveniently written x as the sum of three terms, xo (see equation (3.25)), xso (see equation (3.26) ) and xr (see equation (3.27) ). The total electronic magnetic susceptibility without the spin-orbit contribution is xo and this was calculated in 11, and jlT is negligible for all T except, possibly, for T >> T,, ; hence the dependence on temperature of x depends primarily on the structure factor at lower temperatures. Finally, we have used the spin-orbit form factors, as determined in I, to calculate the spin-orbit contribution xso, for Cs and Pb metals at a temperature, T, just above their melting points. From the comparison of the results obtained here with the published theoretical results obtained by Misra (1972, 1977) , it appears that, in going from a very low temperature to a high temperature, the s component of the conduction-electron wavefunction in a metal increases so that the effect of the spin-orbit interaction and thereby its contribution to the electronic magnetic susceptibility decreases very strongly. (After this work was completed, we learnt from Kar and Das (1979) that the spin-orbit contribution to x in Cd in the solid phase decreases very significantly in going from a very low temperature to a high temperature.)
